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Simplified model of underwater electrical discharge
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A model of the underwater discharge with initiating wire is presented. The model reveals the nature of
similarity parameters which have been phenomenologically introduced in earlier experimental research in order
to predict behavior of different discharges. It is shown that these parameters naturally appear as a result of the
normalization of differential equations, which determines the process of underwater wire initiated discharge. In
these equations the energy conservation law for wire material evaporation and the dependence of plasma
conductivity on the energy dissipated in the discharge are implied to calculate the time varying resistance of the
discharge gap. The comparison of calculations with the experimental results shows that good agreement is
achieved when modification of these parameters is introduced. These new similarity parameters are functions
of the original similarity parameters, hence the law of the similarity of underwater electrical discharge is
preserved.
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[. INTRODUCTION are the wire evaporation due to Ohmic heating and plasma
channel formation in water due to dissipated energy. As a
The subject of underwater electrical discha(g&D) has  natural outcome of these simple assumptions, all the similar-
been under intense theoretical and experimental investigatiofy parameters which were “intelligently guessef$,9,10
for more than 50 years because of many important technic@ind validated by numerous experiments emerge. A compari-
applications and sophisticated physical phenomena involvedon of numerically and experimentally obtained data is pre-
in this proces$1—6]. At an applied voltage 0&50 kV and a  sented and the difference between them is discussed.
gap of several centimeters, the discharge is initiated by an
electrical explosion of conducting wire which shorts this gap. |1. A MODEL OF ELECTRICAL WIRE EVAPORATION
In the case of small wire diametefs:0.1 mm), this wire ) . ) ) .
serves only as an igniter and the main discharge occurs in the Let us first consider an electrical explosion of a wire by
ionized water vapor. In the case of a thick wire0.1 mm, f[he use of capacitor dlscharge. A simplified electr'|cal sqheme
the discharge occurs mainly in the ionized vapor of the eleclS composed of the following parts connected in series: a
trically evaporated wire material. In both cases, UED is acapacitorC charged to a potentiapy, an inductance., a
companied by phase transitions of the wire material and wasSWitch, and a discharge gap shorted by a wire with initial
ter, namely, melting, evaporation, and plasma formationfesistanceRon,, cross-sectional ares,, lengthl, and initial
This type of discharge depends on many parameters that igPecific conductivity and density, and po, respectively.
clude wire properties, such as wire diameter, length and mal/hen the switch is closed, the discharge proceeds according
terial, the characteristics of the electrical circuit, and theto the well-known equation for this electrical circuit:
properties of the background medium. Uncertainty in time- ) 5
dependent parameters, such as specific resistance, thermal LC(d“e/dt) +Rn(1)C(de/dt) + ¢ =0. ()
conductivity, density, and temperature of the wire and water ) ) . )
during phase transitions, makes it difficult to provide a self-Here Ry(t) is an unknown time-varying resistance of the
consistent description of UE[5—7]. current-carrying wire. The discharge current causes intense
volved in UED, numerous experimental investigations haveerial. In our model we assume a decrease of the wire cross-
shown that this type of the discharge obeys a certain similasSectional area QUe to radial unlfor'm evaporation of the wire
ity law [5,6,8—1Q. It has been demonstrated that identicalPoundary. In this case, by neglecting radiation energy losses
dimensionless current and voltage waveforms are obtained @"d takingh [(in units of J/kg] as the specific energy re-
different discharges when three dimensionless combinatior@uired for transformation of the wire material into the
of various discharge setup parameters, called the “similaritplasma, one can write
parameters,” are identical. Here let us note that the existence 5
of the similarity has been validated experimentally in micro- N d_M: R (t)CZ(d—‘P) %)
second UED for current amplitudes of 4010 A with dif- dt m dt
ferent types of gap shorting wires. Nevertheless, the empiri-
cal approach does not offer a physical explanation for thevhere M(t) is the mass of the wire. Thus, the process of
existence of the similarity of discharges. wire transformation into the plasma is determined only by
In this paper we present a model which provides a physithe thermal energy absorbed in the conducting wire. In the
cal insight into the process of the underwater wire initiatedcase of a cross-section uniform conductivity, the wire resis-
discharge. It is assumed that main processes governing UE@nce is expressed as
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where W is the electrically stored energy am,, is the
Rm(t) = S(OS(D) (3)  energy required for complete evaporation of the wire. One
can see that this parameter determines the rate of wire evapo-
Here o(t) is specific wire conductivity which generally de- ration[see Eq(5b)]. Indeed, the increaselecreaseof Rop,
pends on the wire temperature as well as the depgtiyand ~ Of decreaséincreasg of Wy, relatively toZ andWe respec-
S(t) is the wire cross sectional area. However, in our simpli-liVely, increasesdecreasgsthe evaporation rate. The same
fied model we assume= o, and p=p,. Using these as- physical meaning oP, andP, can be assigned to the simi-

sumptions and Eq(3) one can write Eq(2) in the following larity parameters which have been “intelligently guessed,”
form: but here it is explicitly shown what processes are responsible

for the appearance of these parameters. Let us note that for-
de)\2 mal dimension analysis shows that these are not the only
(a) (4) possible dimensionless combinations that can be constructed
from the discharge circuit parametef8]. Therefore, a
Next, let us normalize Eq4) and introduce the following simple dimension consideration without the consideration of

dimensionless variables: dimensionless voltaggt) Ph)gt'f‘"?" pr?ces_ses cann:)t ?';’e thesebparame;e;s.
=¢(t)/¢y, dimensionless cross sectional ares(t) viously, given a set of two numbefs, and P, one

= S(1)/S,, whereS, is the initial wire cross sectional area, uniquely determi_nes the dependence of normalized voltage
dimensionless resistanee,(t) = R,(t)/Rqn, dimensionless u(7) and normalized currerdu(7)/dr. However, the same

time 7=t/\LC, and the characteristic wave impedance Ofnumerical values oP; andP, can be obtained for different

. Lo - . experimental setups. The latter means that the same normal-
the electrical circuiz= {L/C. From these definitions it fol- ized current and voltage waveforms will be obtained for
lows thatr ,(7) = 1/s(7).

. L ionl these different setups. This is the essence of similarity.

formogs Egs. (1) and (4) can be written in dimensionless Let us note that E5), where parametei3; a_msz have
naturally appeared, accounts only for the simplest process
d2u du rgspons_ible for the wire explosion. Namely, an incregse of
— +Pyr,— +u=0, (59 wire resistance results from the decrease of the wire diameter

CZ
NoopoS(t)

dR,,
dt =Rm

dr? due to the uniform evaporation of the wire boundary. Never-
theless, the similarity of different discharges with the same
drn, 3 P, and P, has been firmly validated by experiments. The

du\?
F—szm( E) : (5b) latter surprisingly indicates that the considered simple
mechanism of the wire resistance dynamics is the main pro-
The initial conditions of these differential equations at C€SS that governs this type of the discharge. As will be shown

=0 read as followsu=r ,= 1 anddu/dr=0. In these equa- later, in the case of relatively thick wire where other pro-
tions appear two dimenrgionless parameters: cesses become significant, a straightforward application of

these parameters in E(h) does not give appropriate agree-
| 1 ment of the experimentally obtained and calculated current
—= 5 (6)  waveforms. Therefore, the original parameté&rs and P,
700 Z introduced in Egs(6) and(7) should be modified in order to
obtain satisfactory agreement with experimentally obtained
data. It will be shown that these modified parameters are
) uniquely determined by, andP,, such that the similarity

P,=
and

2
o 7) is essentially preserved.
The decrease of the wire diameter also leads to the in-

27\ Zhaopo) | S2)°
) ) i crease of wire inductance. Therefore, it could be important to
These parameters are identical to the first two out of the threggnsider an inductive voltage

similarity parameters which have been obtained empirically

[6]. The physical meaning of these similarity parameters fol- de dL
lows from an examination of Eq&6) and(7). The first simi- PLT T
larity parameter, which can be written as

In case of a wire, its dimensionless inductance is given by

ROm
P1=7, L(7)ecIn[r(7)].

. . - . : This means that the inductive resistance
gives the ratio between the initial wire resistance and the

electrical circuit wave impedance. diin(rp)] 1 drp,
The second similarity parameter can be written as r > T dr - dr
m
2
_ Ceo/2| [ 2Rom _ % 2Rom does not grow faster than the resistangesven in the vicin-
2 AMg Z W, Z ity of the time of complete wire evaporation. This can be
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easily shown by analyzing the asymptotic behaviorr gf BZ
near the explosion point. For this end we seek a solution in Rop=\]—. (1)
Op 2
the form Cop
ro(n=a(rg—7) ", Now, one can rewrite Eq10) in a dimensionless form,
where 7, is the time of the wire explosion aralis the con- dr,  4/du 2
stant to be determined. Substituting this solution into (&f. ar - "elar (123

one obtainsa=1/(2P;) and n=1. Thus, bothr, andr_
behave according to the same law negr Therefore, one and the dimensionless equation of electric circuit becomes
can neglect inductive resistance also during the stage of wire )
explosion. d_U+P r
dr? s'p

du +u=0 12b
a u=~0. ( )

Ill. ELECTRICAL DISCHARGE IN WATER . L
In the last equation a new similarity parameRey appears,

Now, let us consider electrical discharge in water. This
type of electrical discharge was studied by Ok@h Further, Ps=Rop/Z. (13
in studies carried out by Krivitski[6] and Krivitskii and
Sholom[10], it was shown that the resistance of the dis-
charge water channél,(t) could be described by an empiri-
cal expression,

This similarity parameter is identical to the third similarity

parameter introduced by Krivitskii6] and Krivitskii and

Sholom[10]. From Eq.(12b) one can see th&®; is in es-

sence similar td?,, however, its nature is different. It was
Rp(t)zAIZ(o—l)/pV. (8) shown thatP; appears as a result of an assumption that the

plasma channel conductivity is proportional to the energy

Herel is the length of the discharge channelis the adia- dissipated in the channel. Experimental validation of the

batic constantpV is the work of the pressunerequired for  similarity of the plasma stage of discharges with the sime

the channel expansion to volunve andA is the spark con- indicates that this is the main process which determines the

stant, which varies in the rangeA=(0.25-2.5) evolution of plasma channel resistance.

X 10° V2 s/nf?. We note that the dependence in E8). was

validated experimentally in a microsecond time scale of IV. TWO-STAGE ELECTRICAL DISCHARGE

UED. It is reasonable to consider that the wq¥ is pro- ] ) ]

portional to the thermal energ#/,, delivered to the discharge Now let us consider UED which occurs simultaneously

channel. In this case one can write E8) in the form of a through both discharge channels, i.e., through the evaporat-

differential equation foR(t): ing wire and plasma channels in water. This discharge can be
described by connecting resistances of the wire and plasma
dR, R,SJCZ de)\? channels in parallel. In this case the combined equation of
G- B (a) (9  the electric circuit can be written as
HereB is the constant defined &=Al?(y—1). The dimen- @+ p.|_'mlp ﬂ) tu=0 (14)
sionless resistanag,(t) of the discharge channel is defined dr? ! rptParyjidr '

asry(t) =Ry(t)/Rg,, WhereRy, is some typical plasma re- . . . .
sistance which will be determined later. In this case one cahi€r€ We introduce an additional dimensionless parameter
rewrite Eq.(9) as

P4E ROm/ROp .
2 2
%: _ (RopCeo) 3 ﬂ (10) In fact, P, is a combination of two previously obtained di-
dr BJLC Pldr mensionless parametdPs andP; since it can be shown that

_ _ _ P,=P,/P5. This parameter determines the ratio between
In this equatiorr ,(7) andu(7) vary in the range of 0-1. In the initial wire resistance and the typical resistance of the
order to determine the value of the expression in the parenyater plasma channel. Dimensionless resistangeand M

theses in Eq(10) let us rearrange this expression as are determined by the equations similar to E¢Bb) and
(12b),

(RopCe0)? _ 1 wz)h 2Ro,C _ We 2R,,C , ,
ByLC 2771 B JLC W, \LC ' LT ot (15a

dr 2im\ dr rptParm/’

One can see that setting the value of this expression to unity

corresponds to the requirement of aperiodical electrical dis- drp 5[ dU 2 Purm \?

charge with 100% electrical energy absorption in the dis- ar  "elar Mot Palm (15D

charge channel. Since we are interested in analyzing this type
of discharge we set the value of the last expression to 1 andere the expression in the second set of second parentheses
determine the typical plasma resistarig, as accounts for the current distribution in parallel resistances.
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Let us note thaP,— 0 corresponds to the case when all thedence between the original and the modified similarity pa-
current flows through the wire ariel,— o corresponds to the rameters.
discharge through the plasma channel in water. Equations Equation (16) describes the discharge which occurs
(14) and (15) can be solved numerically with the following through the wire and water simultaneously. Here we intro-
initial conditions: r,=1, r,=c, u=1, du/dr=0. Let us duce additional modification which formally accounts for
note that in this model the energy which was dissipated durmore complex processes concerning the dynamics of the
ing the wire evaporation is not accounted for in the resisplasma channel formation, especially at the moment of wire
tance of the plasma channel. explosion, where a nonautonomous formation of plasma
Now, let us reconsider the discharge current flowingchannel occurs. We suppose that these processes slow down
through two parallel channels, i.e., through the wire andhe decrease of wire conductivity near its explosion time and
through the plasma channel which is forming around thesimultaneously decrease the rate of plasma channel conduc-
wire. The resistance of wire grows due to the decrease of itvity growth due to residual conductivity of wire material
diameter. This process occurs due to the Joule heating déftover. This process can be accounted for by connecting in
wire by the current which leads to the wire evaporation. Resseries conductivitiey® @ (e<1 is a small parametgof a
sistance of the plasma channel is determined by the energecond order of magnitude to each of the parallel channels.
absorbed in this channel. Therefore, a decrease of the resistathematically it is equivalent to replacing the dimension-
tance of the plasma channel is also due to the energy flubess conductivitiey,, andy, by their functions,
realized from the evaporating wire. Thus, one can suppose

that the resistance of the plasma channel is determined by the )
total energy dissipated in the discharge while neglecting the = y
energy dissipated by the radiation with a long mean free path y+aly’

in water. In addition, since dimensionless resistamggeand

p vary in the range 0= it is reasonable to consider the Here a<1 is a small number such thgfy—1y while in
correspondmg dimensionless conductivitigs=1/r,, and  another extrem§y— aa?. This means that this modifica-
yp=1/r, which vary in the range 0—1. Taking into account tion has an influence only on small valuesyofAn analysis
two previous remarks, the full system of self-consistentof Egs. (16b) and (16¢) shows that in this casg, andy,
equations which determine the process of underwater wirdecrease and grow more slowly, respectively, in the vicinity
explosion becomes of complete wire evaporation time. The value of the param-

etera has been obtained by fitting numerical and experimen-

tal results. The best fit for a range of analyzed experiments
d?u P,

hehaR was found to bea=0.02. Following these modifications,
>+ +u=0, (169
d7°  ymt+Pay,dr Egs.(16b) and (160 are transformed into equations,
de szm du 2 dym ’ym )Z(du>2
— = > | /— — = P _ =~ - ; l
dr (Y™t P4yp)2 dr (16 dr 2 Ymt+ P4y, \d7 (16b')
d P du)? d P,y du)\?
yp 4 . (16C) _yp:~—4yp~ (— s (160’)
dr Ymt+Payp dr d7 YmtPsyp\dr

with initial conditionsy,,=1, y,=0.

In addition, in order to obtaln a good agreement between
the calculated and experimental current waveforms, modified
The intention of this work was to determine the physicalvalues of the original parametePs andP, defined by Egs.

origins of similarity parameters that originally have been(7) and(14) have been substituted into EG.6). In Tables |
“intelligently guessed” and validated by numerous experi-and Il we present the values of the origirgy, P, and the
ments. In addition, it was desirable to obtain an agreementalues of the modified similarity parametePs and P}
between current and voltage waveforms obtained experimenvhich were found from the comparison of numerical calcu-
tally and calculated numerically from the model. However, lations and experiments. Two types of the underwater dis-
according to the discussion in Sec. Il it is obvious that acharge circuits with a total inductance of 420 nH have been
straightforward application of original similarity parameters analyzed: the circuits with mF (Table |) and 10uF (Table

P, andP, in our simplified model could lead to large errors Il) capacitors charged up to 30 K\{1]. The spark constant
comparing to experimental results. In this section it will bewas assumed to ba=1.8x 10° V2s/n? [6,10]. The modi-
shown that a certain modification in similarity parametersfied similarity parameteP; was found to be determined by
allows us to receive a satisfactory agreement of numericahe formula

solutions with the experimental results. An analysis of a se-

ries of experiments closely satisfying the aperiodic condition

of the discharge shows that there exists a unique correspon- P} =0.8PY%Py, 17

V. NUMERICAL CALCULATION AND COMPARISON
WITH EXPERIMENT
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TABLE I. Experimental and theoretical similarity parameters 0.75— . . |
for the 5uF, 30 kV discharge circuit with Cu-wire electrical under- C=5yF, L=60mm, D=0.3mm  (a)
water discharge. g 0.50- /Experiment
L(m D (mm Py P2 P> Py Pi Calculation
E 0.251
0.035 0.1 0.269 877 292 146 173 :
0.035 0.2 0.067 548 262 036 0.36 E 0.00.
0.035 0.3 0.029 108 482 016 0.14 4
0.035 0.5 0.010 0.14 049 0.06 0.04
0.035 0.6 0.007 006 021 0.04 0.03 -0.25 00 05 10 5 20
0.035 0.8 0.004  0.02 0.02 Normalized Time
0.06 0.1 0461 877 302 146 1.85
0.06 0.2 0.115 548 355 036 0.39 1.00 ' (b)
0.06 0.3 0051 108 7.34 0.16 0.15 0751 C=SyF, 1=35mm, D=0.5mm |
0.06 0.5 0.018 014 080 0.06 0.05 )
0.06 0.6 0.012 006 035 0.04 0.3 E 0.50 Experiment  Caloulations |
0.06 0.8 0.007  0.02 0.02 0.25. ]
0.085 0.1 0.653 877 303 146 1.93 .
0.085 0.2 0163 548 407 036 0.0 % 0.00-
0.085 0.3 0072 108 930 0.6 0.16 2 0251
0.085 0.5 0.026 014 1.09 0.06 0.05 050 | . |
0.085 0.6 0.018 006 048 0.04 0.03 0.0 0.5 1.0 15 2.0
0.085 0.8 0.010  0.02 0.02 Normalized Time

FIG. 1. Typical waveforms of the normalized discharge current
obtained experimentally and from calculations for different cases of
underwater electrical discharge with exploding Cu wire. Electrical
circuit inductance 420 nH.

which is very close to th®, definition presented in Sec. Ill.
The modified similarity parameteé?3 was found to be de-
termined by the formula

P* = 15P2% 1 — exp( — 12P)1. 18 One can seea satisfactory agreement betwegn the experiment
2 al 4 V] (18) and calculation. However, as mentioned earlier, the straight-
A comparison between the experimentally and numericallyforward application of similarity parameters would not give

calculated obtained current waveforms is presented in Fig. 2 sufficient agreement of the model with an experiment.
Therefore, the question may arise why similarity parameters

TABLE II. Experimental and theoretical similarity parameters work experimentally. The reason for this is that one and only
for the 10 uF, 30 kV discharge circuit with Cu-wire electrical un- one value of modifiedP’z* and Pj corresponds to any

derwater discharge. P, andPy,.
Lm Dmm P Pa P35 Ps Pl VI. CONCLUSION
0.035 0.1 0.380 248.0 586 2.46 2.72

A simplified model of the underwater electrical discharge

0.035 0.2 0.095 15.50 63.4 0.61 0.57 . - . .
with a wire was presented. This model is based on a self-

0.035 0.3 0.042 3.062 12.5 0.27 0.22 . . - . . .
0.035 05 0015 0396 135 010 007 consistent solution of differential equations of the electrical

' ' ' ' : ' : circuit with time varying resistances of the wire and plasma
0.035 0.6 0.010 0.191 0.59 0.07 0.04

discharge channels. These equations were derived with two

0.035 0.8 0005 0060 015 004 simple assumptions regarding the loss of wire conductivity
0.06 0.1 0.652 248.0 591 246 291 (e to its uniform evaporation by the Joule heating and the
0.06 0.2 0.163 1550 801 061 0.61 jncrease of plasma channel conductivity due to the absorbed
0.06 0.3 0072 3062 183 027 0.24 energy. It was found that the original similarity parameters
0.06 0.5 0026 0.39% 217 010 0.07 which have been initially “intelligently guessed” and vali-
0.06 0.6 0.018 0191 0.97 0.07 0.05 dated by experiments appear naturally in these differential
0.06 0.8 0.010 0.060 0.26 0.04 equations, thus demonstrating the reason of similarity of
0.085 0.1 0.924 2480 592 246 3.04 (UED) and pointing out the main processes that govern the
0.085 0.2 0.231 1550 874 0.61 0.64 discharge. Also, it was shown that a straightforward applica-
0.085 0.3 0.102 3.062 22.4 027 0.25 tion of the original similarity parameters in the differential
0.085 0.5 0.036 0.396 290 0.10 0.08 equations of the model does not give solutions that show a
0.085 0.6 0.025 0.191 1.32 0.07 0.05 satisfactory agreement with experimentally observed results.
0.085 0.8 0.014 0.060 036 0.04 This is explained by the simplicity of the model which does

not account for many sophisticated phenomena involved in
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UED. Nevertheless, the fact of an experimentally observedcription of the experimental data by the use of our simpli-
similarity of different discharges indicates that all these sofied model, modified parameters that are functions of original
phisticated phenomena are inherently determined by thessmilarity parameters should be used to obtain a good agree-
original similarity parameters. Therefore, for an adequate dement with the experimental data.
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